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New Upper and Lower Bounds for Ramsey Numbers
HUANG YI RU AND YANG JIAN SHENG
The Ramsey number R(G1,G2) is the smallest integer p such that for any graph G on p vertices
either G contains G1 or G contains G2, where G denotes the complement of G. Let R(m, n) =
R(Km , Kn). Some new upper and lower bound formulas are obtained for R(G1,G2) and R(m, n).
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A graph G of order p is called a (G1,G2; p)-graph ((m, n; p)-graph, respectively) if G
does not contain G1 and G does not contain G2 (Km and Kn , respectively). It is easy to
see that R(G1,G2) = p0 + 1 iff p0 =max {p| there exists a (G1,G2 : p)-graph}. In this
paper, f (G1) (g(G2), respectively) denotes the number of G1 (G2, respectively) in G (G,
respectively) as a subgraph. The R(G1,G2; p)-graph is called a (G1,G2; p)-Ramsey graph
if p = R(G1,G2)−1. Let di be the degree of vertex i in G of order p, and let di = p−1−di ,
where 1 ≤ i ≤ p. If G, H are graphs, G◦H denotes a {G∨H,G+H}-graph, where ‘∨’ is the
join operation (see [1]). Let Gki (i = 1, 2) be a graph with order k and let G1 = Gm−s1 ◦ Gs1,
G2 = Gn−t2 ◦G t2. Taking any vertex x (y, respectively), let Gs+11 = {x}◦Gs1, G t+12 = {y}◦G t2.
The number of Gs1 (G t2, respectively) in Gs+11 (G t+12 , respectively) as a subgraph is denoted
by as (bt , respectively). Thus we have the following theorem.
THEOREM 1 ([2]). For any (G1,G2; p)-graph, the following inequalities must hold:
as f (Gs+11 ) ≤ f (Gs1)[R(Gm−s1 ,G2)− 1] (1)
bt g(G t+12 ) ≤ g(G t2)[R(G1,Gn−t2 )− 1]. (2)
Especially, if G1 = Km or Km − e, G2 = Kn or Kn − e, then for any (G1,G2; p)-graph G,
we have
(s + 1) f (Ks+1) ≤ f (Ks)[R(Gm−s1 ,G2)− 1] (3)
(t + 1)g(Kt+1) ≤ g(Kt )[R(G1,Gn−t2 )− 1] (4)
where Gm−s1 = Km−s or Km−s − e and Gn−t2 = Kn−t or Kn−t − e.
THEOREM 2. Suppose that G1 = Km or Km − e, G2 = Kn or Kn − e, where 3 ≤
m ≤ n. Let α ≥ R(Gm−21 ,G2) − 1, β ≥ R(G1,Gn−22 ) − 1, γ ≥ R(Gm−11 ,G2) − 1, δ ≥
R(G1,Gn−12 )− 1. In addition
ϕ(x) = 1+ β + 3x +
√
(1+ β + 3x)2 − 4x(3x + β − α),
ψ(x) = 1+ β + 3x −
√
(1+ β + 3x)2 − 4x(3x + β − α),
µ(y) = 1+ α + 3y +
√
(1+ α + 3y)2 − 4y(3y − β + α),
ν(y) = 1+ α + 3y −
√
(1+ α + 3y)2 − 4y(3y − β + α),
x∗ = 13
[
2α + β + 3+
√
(2α + β + 3)2 + (β − α)(α + 2β + 3)
]
,
y∗ = 13
[
α + 2β + 3+
√
(α + 2β + 3)2 − (β − α)(2α + β + 3)
]
.
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Then there exist 0 < x0 ≤ γ , 0 < y0 ≤ δ such that the following inequalities hold:
2+ 12ψ(x0) ≤ R(G1,G2) ≤ 2+ 12ϕ(x∗) (5)
2+ 12ν(y0) ≤ R(G1,G2) ≤ 2+ 12µ(y∗). (6)
In addition, the following inequality holds:
R(G1,G2) ≤ α + β + 4+
√
(α + β + 2)2 + 13 (β − α)2. (7)
If γ ≤ x∗, then
R(G1,G2) ≤ 2+ 12ϕ(γ ). (8)
PROOF. For any (G1,G2; p)-Ramsey graph, letting s = t = 2, then by (3) and (4), we
obtain
3
(
p
3
)
− 3/2
p∑
i=1
di di ≤ α
(
p
2
)
+ β − α
2
p∑
i=1
di
i.e.,
p(p − 1)(p − 2− α) ≤
p∑
i=1
(p − 1− di )(3di + β − α). (a)
It is clear that there exist 0 < x0 ≤ γ and 0 < y0 ≤ δ such that
p∑
i=1
(p−1−di )(3di+β−α) = p(p−1−x0)(3x0+β−α) = py0(3p−3−3y0+β−α). (b)
Using this we obtain x0 + y0 = p − 1 or y0 − x0 = 13 (β − α).
From (a) and (b), we then have
2+ 12ψ(x0) ≤ R(G1,G2) ≤ 2+ 12ϕ(x0)
and
2+ 12ν(y0) ≤ R(G1,G2) ≤ 2+ 12µ(y0).
Since
dϕ(x)
dx
= 3+ (2α + β + 3− 3x)[(1+ β + 3x)2 − 4x(3x + β − α)]−
1
2
d2ϕ(x)
dx2
= −3[(1+ β + 3x)2 − 4x(3x + β − α)]− 12
−(2α + β + 3− 3x)2[(1+ β + 3x)2 − 4x(3x + β − α)]− 32
and dϕ(x)dx (x
∗) = 0. It is clear
d2ϕ(x)
dx2
(x∗) = 36(2α + β + 3− 3x∗)−1
= −36[(2α + β + 3)2 + (β − α)(α + 2β + 3)]− 12 < 0.
Thus we obtain ϕ(x0) ≤ ϕ(x∗). Then (5) is true. Similarly, we can prove (6).
If γ ≤ x∗, (8) is obviously true.
In addition, by (b), we have (p − 1)(p − 2− α) ≤ (p − 1− x0)(3x0 + β − α), i.e.,
3x20 − (3p − 3− β + α)x0 + (p − 1)(p − 2− β) ≤ 0.
Thus by x0 > 0, we know (3p−3−β+α)2−12(p−1)(p−2−β) > 0. Now, (7) is true. 2
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REMARK. Formula (7) is less effective than formula (8). In fact, (8) is similar to for-
mula (11) in [2, 3]. Thus, by formula (8), we have:
(1) R(5, 7) ≤ 143 since (α, β, γ, b(x∗ + 1)/2c) = (22, 48, 60, 69);
(2) R(6, 7) ≤ 298 since (α, β, γ, b(x∗ + 1)/2c) = (60, 86, 142, 145).
These results were also obtained in [2].
In addition, if x0 = γ in formula (5), we can obtain R(6, 7) ≥ 219 (by (α, β, γ ) =
(60, 86, 142)). However, we cannot confirm that x0 = γ . Since R(G1,G2) ≤ 2 + 12µ(x)
(see the proof of Theorem 2), if y0− x0 = 13 (β−α), then we can improve some upper bounds
for R(m, n).
THEOREM 3. Under the conditions of Theorem 2, assume that∑pi=1 di ≥ pd and∑pi=1 di≤ pD. Then the following inequalities hold:
R(G1,G2) ≤ 12 (5+ α)+
√
1
4 (1+ α)2 + (3γ + β − α)δ (9)
R(G1,G2) ≤ 12 (5+ β)+
√
1
4 (1+ β)2 + (3δ − β + α)γ (10)
R(G1,G1) ≤ 12 (5+ α)+
√
1
4 (1+ α)2 + 3γ 2 (11)
R(G1,G2) ≥ 12 (5+ β + 3γ )−
√
1
4 (1+ β + 3γ )2 − (3γ + β − α)d (12)
R(G1,G2) ≥ 12 (5+ α + 3δ)−
√
1
4 (1+ α + 3δ)2 − (3δ − β + α)D. (13)
PROOF. Note that di ≤ γ, di = p − 1 − di ≤ δ. Now, by ∑pi=1 di ≥ pd,∑pi=1 di ≤ pD
and formula (a), we have
p(p − 1)(p − 2− α) ≤ pδ(3γ + β − α)
and
p(p − 1)(p − 2− α) ≤ (3γ + β − α)
p∑
i=1
di ≤ p(p − 1− d)(3γ + β − α).
Using this, we obtain (9) and (12). In (9), if G1 = G2, then we obtain (11).
Similarly, as for (a), we can prove p(p− 1)(p− 2− β) ≤∑pi=1 di (3di − β + α). Thus we
have
p(p − 1)(p − 2− β) ≤ pγ (3δ − β + α)
and
p(p − 1)(p − 2− β) ≤ p(p − 1− D)(3δ − β + α).
Using this we obtain (10) and (11). 2
In the following, we denote an (m, n; p)-Ramsey graph by G∗(m, n), where p = R(m, n)−
1, 3 ≤ m ≤ n. If G∗(m, n) + xy contains Km for any pair of nonadjacent vertices {x, y} in
G∗(m, n), then we call it is the maximum (m, n; p)-Ramsey graph, and denote it by G(m, n).
LEMMA 4. (1) Let {x, y} be a pair of nonadjacent vertices in G(m, n), then |N (x) ∩
N (y)| ≥ m − 2.
(2) Let x be a vertex in G∗(m, n), then x is a vertex either of Km−1 in G∗(m, n) or Kn−1
in G∗(m, n).
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(3) For any vertex (edge, respectively) in G(3, n), then there is at least a vertex (an edge,
respectively) of a pentagon in G(3, n).
PROOF. (1) By the definition of G(m, n), any pair of nonadjacent vertices must be in at
least one Km − e. Thus (1) is true.
(2) Suppose, on the contrary, x is not vertex of any subgraph Km−1 of G∗(m, n). Let G
be such a graph, which vertice set V (G) = V (G∗(m, n)) ∪ {y} and edges set E(G) =
E(G∗(m, n)) ∪ {xy} ∪ {ya|a ∈ V (G∗(m, n)) and xa ∈ E(G∗(m, n))}. It is clear, G
contains neither Km nor Kn , which is a contradiction since the order of G is R(m, n).
Thus x is a vertex of Km−1 in G∗(m, n). Similarly, x is a vertex of Kn−1 in G
∗
(m, n).
(3) Let {x, y} be a pair of adjacent vertices in G(3, n). Since G(3, n) is K3-free. Thus
|N (x)| ≤ n − 1, |N (y)| ≤ n − 1 and N (x) ∩ N (y) = ∅. By R(3, n) ≥ 2n, then
there is a vertex in G(3, n), say z, such that z 6∈ N (x, y). Thus, by (1), there is a vertex
x1 ∈ N (x) \ {y} and a vertex y1 ∈ N (y) \ {x}, such that {zx1, zy1} ⊂ E(G(3, n)). Thus
zx1xyy1 is a pentagon. Using this, we prove (3). 2
THEOREM 5. Let G1 = Km or Km − e, G2 = Kn or Kn − e. In addition, let G be a
(G1,G2; p)-Ramsey graph and H be a subgraph of G. Denote the order of H by h, and the
number of edges in H by e. Let Vi = {v|v ∈ V (G) \ V (H), and the number of edges joining
v with H be i} where 0 ≤ i ≤ h, X i j = {v|v ∈ Vi , and the number of Ks in G[N (v)∩V (H)]
is j} where 0 ≤ j ≤ (h
s
)
and Yi j = {v|v ∈ Vi , and the number of Kt in G[V (H) \ N (v)] is
j} where 0 ≤ j ≤ (ht ). Let xi = |Vi |, xi j = |X i j |, yi j = |Yi j |, h1 = (hs), h2 = (ht ). Then thefollowing inequalities must hold:
h∑
i=0
h1∑
j=0
xi j j ≤ fH (Ks)[R(Gm−s1 ,G2)− 1] − (s + 1) f (Ks+1) (14)
h∑
i=0
h2∑
j=0
yi j j ≤ gH (Kt )[R(G1,Gn−t2 )− 1] − (t + 1)g(Kt+1) (15)
h[R(G1,G2)− R(G1,Gn−12 )− 1] ≤ 2e +
h∑
i=0
i xi ≤ h[R(Gm−11 ,G2)− 1]. (16)
PROOF. Since G is a (G1,G2; p)-Ramsey graph, then for any Ks ⊂ G, there are at most
R(Gm−s1 ,G2)− 1 vertices x in G such that {x} ◦ Ks = Ks+1. And for any Ks+1 ⊂ H , there
is s + 1 vertices x in the Ks+1 such that {x} ◦ Ks = Ks+1. Thus we follow (14). Similarly,
(15) is true.
Since di ≤ R(Gm−11 ,G2) − 1 and di ≤ R(G1,Gn−12 ) − 1, then di ≥ R(G1,G2) −
R(G1,Gn−12 )− 1. Note that 2e +
∑h
i=0 i xi is the sum of degree in H . Thus (16) is true. 2
For any subgraph Ku and K v in G, if Ku and K v have no common vertices, we call it is a
pair of Ku and K v , and denote it by Ku−K v . Let W (u, v) be the number of Ku−K v in G. It
is clear, we have W (1, 1) = p(p−1), W (1, 2) = (p−2)g(K 2) and W (2, 1) = (p−2) f (K2).
In addition, we have W (2, 2) =∑i j 6∈E(G)[ f (K2)− di − d j ] = f (K2)g(K 2)−∑pi=1 di di .
THEOREM 6. Let G be a (m, n; p)-Ramsey graph where 3 ≤ m ≤ n, and V (G) = {i |1 ≤
i ≤ p}. Denote the number of Ku+1 (K v+1, respectively) which contains i as a vertex by
fu(i)( fv(i), respectively), then
p∑
i=1
fu(i) fv(i) ≤ W (u, v)[R(m − u, n − v)− 1] (17)
R(n, n) ≤ R(n − 2, n)+ 3R(n − 1, n − 1)− 1. (18)
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PROOF. Suppose, in contrast, (17) is false. Then there is a pair of Ku − K v such that the
number of vertices x , which is a vertex not only of Ku+1 which contains Ku but also of K v+1
which contains K v , is ≥R(m − u, n − v). However, this will yield that G contains either Km
or an n-element independent set, which is a contradiction.
It is obvious, for any edge xy in G, there are at most R(m−2, n)−1 vertices z in G such that
xyz is K3. Then 3 f (K3) ≤ f (K2)[R(m − 2, n)− 1]. Similarly, 3g(K3) ≤ g(K2)[R(m, n −
2)− 1]. Thus, when m = n, we have 3 f (K3)+ 3g(K3) ≤ [R(n − 2, n)− 1]
(p
2
)
.
By W (1, 1) = p(p − 1), f1(i) = di and f1(i) = di , we obtain f (K3) + g(K3) =
(p
3
) −
1
2
∑p
i=1 di di ≥
(p
3
)− 12 W (1, 1)[R(n− 1, n− 1)− 1]. As a consequence of this (18) is true.2
THEOREM 7.
R(3, n) ≤ 54 R(3, n − 2)+ 54 n + 1. (19)
PROOF. By Lemma 4 (3), G(3, n) contains a pentagon, which we denote by C5. Let x ∈
V (G)\V (C5), n(x) = |N (x)∩V (C5)|, and m(x) be the number of three-element independent
sets in V (C5) ∪ {x}. Then n(x) ≤ 2. And we have: if n(x) = 0, then m(x) = 5, if n(x) = 1,
then m(x) = 3, if n(x) = 2, then m(x) = 2. Now, in Theorem 5, let H = C5 and s = t = 2,
then by formulas (15) and (16), we obtain
5x0 + 3x1 + 2x2 ≤ 5[R(3, n − 2)− 1], x1 + 2x2 ≤ 5(n − 3).
From this expression, we obtain x0+ x1+ x2 = R(3, n)− 6 ≤ 54 R(3, n− 2)+ 54 n− 5− 14 x0.
Thus (19) is true. 2
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